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In this paper, a method for predicting the evolution of fatigue deterioration of structural components 
using continuum mechanics numerical simulation is presented. At a first stage, prediction will be 
limited to the evaluation of the end of the initiation phase of the fatigue process. The method is in-
tended for cases where the loading history demonstrates certain repetitiveness (as it is the case for 
railway traffic induced loading) and is based on the characterization of the deterioration potential of 
these loading histories by means of the physical quantity of generated entropy per generalized load-
ing cycle. The basic steps towards the development of this method are also presented. At the end, an 
example of application on a simple reinforced concrete railway underpass is outlined and the ex-
pected benefits of the application of this method are explained. 
Keywords: fatigue, entropy, continuum mechanics simulation, generalized cycle, railway bridges. 
1. Introduction 
In current engineering practice [1], the evaluation of the remaining fatigue life of structural compo-
nents under variable amplitude fluctuating stresses (e.g. bridge components under traffic induced 
stresses) is based on the use of total-life approaches (e.g. S-N curves) in combination with cycle 
counting methods (e.g. rainflow method) and damage accumulation theories (e.g. Miner’s rule). 
One important advantage of such approaches is the use of macroscopically observable material 
properties and of stress and strain variables that can be obtained from macroscopic analysis (struc-
tural, sectional and stress analysis). On the other hand, the reliability of these purely empirical 
methods heavily relies on the presumed equivalence of the actual loading conditions (including 
stress triaxiality and stress history characteristics) to the simplified loading patterns applied during 
the tests from which the “corresponding” S-N curve has been derived. This dependence limits the 
applicability of these methods to these cases where the actual loading conditions can be reproduced 
reasonably well in the course of an experimental program; while little can be said on the accuracy 
lost when the dissimilarities between actual and experimental loading conditions become substantial. 
Hence, an improvement in the fatigue evolution prediction methods can be achieved through proper 
understanding and consideration of the actual deterioration processes involved in the fatigue mech-
anism. However, most of these processes evolve in geometric scales (microscales) which are in-
compatible with the fundamental homogeneity assumptions of continuum mechanics [2]. Thermo-
dynamic approaches, in which energy approaches could also be included, aim at bridging the gap 
between microscopic and macroscopic description of the response of matter to external stimuli. To 
that aim, they use internal state variables in order to describe the evolution of rearrangements at the 
various levels of the microstructure of matter. 
In this work an entropy approach is attempted following the work of Naderi, Amiri and Khonsari 
[3]. Entropy approaches are based on the postulate that every deterioration process is in fact a dissi-
pative process of microstructural rearrangement that results to entropy generation [4]. Hence, gen-
erated entropy constitutes a fundamental deterioration measure that could be used to characterize 
the deterioration potential of loading histories on specific components. Calculation of generated 
entropy is based on the proper identification of all the important dissipative processes that are acti-
vated during a loading history and a proper description of them through appropriate constitutive 
laws. 
At a first stage calculation can be limited to the initiation phase of fatigue deterioration, that is be-
fore the formation of a macrocrack. The characteristic length of a macrocrack is evaluated in this 
work in relation with the characteristic length of the representative volume element (RVE) which 
also defines the resolution at which the entropy field has to be calculated (this is particularly im-
portant when stress concentrations arise). Of course, a very important assumption that has to be 
made, in order for entropy generation to be a useful deterioration measure, is that failure of the RVE, 
that is macrocrack initiation, occurs at a critical value of generated entropy that is intrinsic to the 
material. 
On the other hand, characterization of an entire loading history, which is essentially random, by any 
deterioration measure, implies that some kind of statistical homogeneity can be defined over its 
duration. This is the case of loading sequences which demonstrate certain repetitiveness, as it hap-
pens with the railway traffic induced loading. In these cases a statistical homogeneity can be de-
fined by means of the notion of the generalized cycle. 
After the above considerations it seems interesting to investigate whether the quantity of entropy 
generation per generalized cycle can be used as a useful parameter for the characterization of the 
fatigue potential of such loading histories. 
2. Underlying concepts  
2.1 Geometric scales of fatigue evolution 
In the context of mechanics of materials, information on geometry is contained in two types of data 
depending on the scale level this geometric information refers to. The first type is, of course, the 
explicitly specified geometrical data. However, as one proceeds in describing geometric changes or 
rearrangements in progressively smaller scales, as it has to be done in the case of fatigue, an explicit 
description becomes increasingly difficult mainly because of the overwhelming volume of required 
data. The theoretical tool for overcoming this difficulty is the global phenomenological method 
which is based on the notion of the volume element of matter. Following this method the actual 
microstructure of the matter contained in a certain 
defined volume is not represented in its full com-
plexity but it is assumed to be adequately described 
by certain macroscopic properties [2]. 
The volume element has to be large enough in 
comparison with material heterogeneities so that 
the value of any macroscopic property or variable 
resulting by integration or averaging of microscop-
ic properties or variables over a volume element 
can be considered to have a probability distribution 
that is independent from the location of the volume 
element. In this way, we arrive to the definition of 
the statistical volume element. If the additional 
requirement is set that this distribution is very nar-
row so that the mean value adequately represents 
the macroscopic variable at any location in the 
material, then the representative volume element is 
defined (RVE); (Fig. 1). It is postulated that the 
minimum possible characteristic length corre-
sponding to the volume of a RVE does not depend 
Fig. 1: The characteristic length as a 
length scale leading to statistical homoge-
nization. 
on the state of the RVE and can be considered as a 
macroscopic property of the material. 
Hence, the use of the global phenomenological 
method imposes the minimum possible characteris-
tic length of the RVE as a lower limit in the length 
scales that can be used for an explicit geometric 
description of a geometric transformation of matter. 
Thus, geometric features expressed in scales smaller 
than the size of the RVE are called microstructural 
and manifest their existence through macroscopic 
properties of the material. Accordingly, geometric 
features which are expressed in scales larger than 
the size of the RVE are called macrostructural and 
are amenable to explicit description. A macrocrack 
initiates as a localized accumulation of microcracks 
and other microstructural defects which is equiva-
lent to the fracture of the RVE. 
A first approximation of the characteristic length of the RVE of matter for metals can be given by 
the Kitagawa diagram depicted in Fig. 2. This diagram consists in an experimentally derived curve 
which relates the minimum stress range required for cracks to propagate with the crack length. On 
this diagram two straight lines can also be drawn: a horizontal one which corresponds to the fatigue 
limit and one with a slop of 1/2 on the log-log graph which corresponds to the threshold value of 
stress intensity factor for long cracks. The experimental curve approaches these lines in the domain 
of smaller cracks and in the domain of long cracks. It is also noted that in the domain of crack 
lengths smaller that the grain size d the behavior of the experimental curve is erratic expressing the 
inhomogeneity of the material at microstructural level. The point of intersection of the two lines 
corresponds to an intrinsic length of the material which can be associated with the characteristic 
length: 
ℓ0 = ΔthΔ	0 

2 1
  (1) 
where ∆Kth is the threshold value  and ∆σ0 is the fatigue limit.  
In the case of concrete, a similar expression has been proposed by Hillerborg et al [5]:  
ℓ0 = f	t,f2  (2) 
where  Gf  is the specific fracture energy,  E  is the modulus of elasticity and  σt,f  is the tensile 
strength of concrete. 
2.2 Entropy as a fundamental deterioration measure 
In 2000 Feinberg and Widome [6] introduce the concept of thermodynamic reliability engineering 
and suggest that thermodynamics of irreversible processes can provide a universal framework for 
the study of essentially all deterioration mechanisms observed in engineering applications: from 
semiconductors contamination to metal corrosion and fatigue of materials. They observe: “The orig-
inal order created in a manufactured product diminishes in a random manner, and becomes measur-
able in our macroscopic world. We find that measurable disorder (ageing) has occurred. Thermody-
namics ‘entropy’ defines the property of matter that measures the degree of microscopic disorder 
that appears at the macroscopic level.” 
2.2.1 Dissipative processes 
A fatigue mechanism induces generation of entropy in a RVE through a number of dissipative pro-
cesses driven by external stimuli (stress, heating etc.) and resulting in thermal and atomic rear-
rangements and in other changes in the microstructure of matter. All these rearrangements and 
changes become macroscopically described through the evolution of internal state variables. 
Fig. 2: Stress range threshold for crack 
propagation as a function of crack length. 
From the 1st and 2nd thermodynamic law and assuming that only thermo-mechanical processes are 
involved in the fatigue mechanism, the specific entropy generation rate can be expressed as [7]: 
g =  ir − st + rel −!q ∇   (3) 
where dots imply time derivatives (rates), T is temperature, sg is generated specific entropy and $q  
is heat flux. Let us now elaborate on the meaning of the three terms on the right side of eq. 3. 
In the first term, wir is the irreversible specific work, that is the total specific work minus the spe-
sific work that would have been done by a fictitious reversible process (that is one following the 
constitutive law of linear elasticity), with frozen values of internal state variables. Also wst is the 
part of the irreversible specific work that is stored in the material as specific free enthalpy (internal 
energy of defects) – or specific free enthalpy released as specific work. Hence, the first term on the 
right side of the equation,  ir −  st  =  d   represents the rate with which externally provided work 
is dissipated inside the RVE. 
The evolution of  ir −  st  is governed by a number of dissipative processes that can roughly been 
grouped in three groups depending on the strain level at which they are activated and on the consti-
tutive equations that can be used for their representation: 
In very small strains a number of dissipative processes are already present (thermo-mechanical cou-
pling due to thermal expansion coefficients, stress induced ordering etc. [8]). These processes are 
sometimes collectively referred to as inelasticity and they can be described by constitutive laws of 
viscoelasticity. Energy dissipation and entropy production rates associated with these processes are 
very low. The corresponding stress range is traditionally associated with the fatigue limit of the 
material. 
In large strains, above what is usually considered as the yield strain, the dominant dissipation pro-
cess in metals is plastic deformation attributed to slip between crystal planes which happens global-
ly through the entire volume of the RVE [7]. These strain levels are usually associated to low cycle 
fatigue. 
At intermediate strains, slip between crystal planes remains the dominant dissipation process. In this 
case, however, such slip is limited within few unfavorably oriented grains. Also the process of for-
mation of new dislocations is activated. This is the most difficult group of processes to model be-
cause the associated irreversible deformations are very small. Nevertheless, the energy dissipated 
through these processes and the corresponding entropy generation have a major contribution in de-
terioration under high cycle fatigue. 
The second term in eq. 3 represents the dissipation rate of free energy that is already stored in the 
RVE. In the case of fatigue mechanisms, the evolution of erel is governed by a group of dissipative 
processes that are collectively referred to as damage. The third term is the dissipation by thermal 
conduction. 
In a first approximation it is reasonable to admit that the most relevant dissipative processes for the 
study of fatigue of structural elements are plasticity, including microplasticity and hardening (more 
pronounced in metals) as well as  damage (more pronounced in concrete). In that case eq. 3 for en-
tropy generation rate can be expressed as [9]: 
g = &: (p − *+,+  − -. − $ ∇   (4) 
where εp is the plastic strain tensor, Vi are a number of internal state variables related to hardening 
(their number depend on the constitutive law), D is an internal variable describing damage, Xi are 
the dual variables of Vi and Y is the elastic strain energy release rate. Hence, provided that appropri-
ate constitutive equation are given (ex. [9]) it possible, to calculate the evolution of entropy genera-
tion. 
2.2.2 Experimental evidence 
In 2000 Doelling et al. [10] suggest the hypothesis that wear in machinery components can be cor-
related with entropy generation measured on the wearing surface of the component and they run an 
experimental program in order to investigate this hypothesis. The results of the experiments show 
an almost linear relation between wear, expressed in loss of component material volume, and entro-
py g on the wearing surface. They also show an almost linear evolution of entropy with time.  
In 2009, Naderi et al.[3] run an experimental program using smooth specimens in order to examine 
the hypothesis that the thermodynamic entropy of metals reaching the point of fracture under con-
stant amplitude fatigue load is a constant independent of specimen geometry, and load type (bend-
ing, torsion, axial), load magnitude and load frequency. Since they restrict themselves to low cycle 
fatigue, they make the assumption that plasticity is the only significant dissipation process. On the 
basis of this assumption they are able to calculate the evolution of internally generated entropy at 
the location of maximum stresses from experimental measurements of dissipated plastic work Wp 
and temperature T as 







The experimental results show that fracture of a smooth specimen occurs at a value of entropy gen-
eration which is characteristic of the material. These results also show that the number of cycles N 
normalized with respect to the number of cycles at failure Nf  is equal to the entropy production  sg 




2f   (6) 
This implies that the entropy generation per cycle remains constant over the entire life of the speci-
men. Naderi et al. also perform a numerical simulation of the tests using the same assumptions and 
they are able to reproduce very closely the experimental results. 
2.3 Repetitiveness of loading histories 
Most often railway traffic demonstrates a periodicity 
which is dictated by recurrent time-schedules. Besides that, 
the general characteristics of traffic (frequency and type of 
trains, volume of freight etc.) remain constant or nearly 
constant over very long time periods because they are re-
lated to the general socio-economical and operational con-
text in which the structure is functioning. The set of these 
general characteristics corresponding to the traffic passing 
on a specific bridge constitutes the traffic regime of that 
bridge. Intuitively, one could agree that the above de-
scribed periodicity and stability in time also reflect on the 
loading -histories. In that case, it would be natural to ex-
pect that the statistical properties of a time-history seg-
ment corresponding to one period can be represented by 
random variables whose distribution remains practically 
unchanged during a certain traffic regime. 
As it can be seen in Fig. 3 each train crossing gives a dis-
tinct signature on each component of a bridge. A sequence 
of crossings of different train types which is repeated 
regularly in time corresponds to a generalized cycle (GC) 
of the resulting loading history. 
3. Methodology 
The investigation method principally consists in the numerical solution of the thermo-mechanical 
problem, by means of the finite element method, and the integration of Eq. 4 for a representative 
part of a simulated sequence of external loads. 
Fig. 3: Strain-histories recorded on 
three different elements of a steel 
truss bridge. 
  
For that, appropriate constitutive equations and suitable integration methods should be specified. 
The calculated evolution of internally generated entropy for the investigated examples can then be 
analyzed in order for a better insight on its patterns to be obtained. In particular the hypothesis of 
linear accumulation of generated entropy with the number of GCs will be examined (Fig. 4). As 
presented above, such hypothesis has been shown by Naderi et al. [3] to be valid for the case of 
constant amplitude loads and low cycle fatigue.  
4. Application 
4.1 Selection of a type of structure for investigation 
The above described methodology will be applied for the investigation of the evolution of deteriora-
tion of an existing railway underpass depicted in Fig. 5. The structure, built in 1975, consists of a 
reinforced concrete slab simply supported on masonry abutments. In this simple structure, fatigue 
deterioration that could lead to failure of the slab would possibly initiate either in the steel rein-
forcement at mid span or inside the mass of the concrete at a location near the supports (assuming 
that no shear reinforcement exists in this location). Hence, this simple structure features two inter-
esting characteristics related to its performance in 
terms of fatigue. The first is that, because of its 
short influence length which is comparable to the 
distance between the train axles, it experiences a 
very high number of stress cycles of stress ampli-
tudes that are comparable to the stresses under the 
design values of traffic actions. The second is that it 
represents a real  case where fatigue of concrete 
itself may be the critical factor that limits the safe 
service life of the structure. The fatigue behavior of 
unreinforced concrete in shear has very little been 
investigated [11]. Moreover, because of the experi-
mental difficulty in reproducing the triaxiality of 
stress during fatigue tests, it constitutes a particular-
ly interesting field of application of the proposed 
method. The aim here is to investigate whether there is a practical limit in the service life of struc-
tures of this kind under the current traffic regime and how this limit is affected under various sce-
narios for the evolution of the railway traffic characteristics in the future. 
Fig. 4: Investigation of generated entropy as a function of the number of generalized cycles 
Fig. 5: A small railway underpass. 
4.2 Traffic regime characterization procedure 
The application of the method requires the following tasks: (i) Identification of the traffic regimes 
under which the structure has so far been functioning and will function in the future under various 
scenarios for traffic evolution. (ii) For each traffic regime, simulation of a representative segment of 
the external loading sequence in terms of axle loads, distances and velocities. This segment should 
contain several GCs so that the statistical variation of the cycle characteristics is adequately repre-
sented. All types of trains of the train mixture should be represented in each cycle. Simulation of the 
loading histories should be derived from information obtained from both traffic records (time 
schedules, train composition etc.) and measurements of the real action effect in terms of strain at 
characteristic and accessible locations of the structure (in this case at the bottom surface of the slab 
at mid-span and under the rails). (iii) Construction of a Finite Element model of the structure. The 
entire volume of the slab should be discretized as well as the volume and the actual geometry of a 
segment of a reinforcement bar at mid span. The bearings, the ballast and the rails should also be 
simulated. The value range of important parameters of the model (e.g. moduli of elasticity) can be 
bounded and adjusted on the basis of a comparison between measured and calculated action effect 
values under known external load. (iv) Selection of the relevant dissipative processes and of the 
corresponding internal variables and constitutive laws for each material. (v) Transient solution of 
thermo-mechanical problem under the simulated external loading sequences representing each traf-
fic regime and calculation of the evolution of entropy generation per GC at the critical locations. 
The above described steps constitute the procedure of the traffic regime characterization in terms of 
their damaging potential on structural components. Entropy generation per generalized cycle would 
be, in that case, the characterization parameter. 
4.3 Use of the characterisation parameter 
Assuming that the hypothesis of a constant rate of entropy generation per GC is verified the calcula-
tion of remaining life till crack macrocrack initiation can be done very easily: By referring to Fig. 6 
let us assume that n distinct traffic regimes have been identified during the past life of the bridge 
and that for each of them the number of generalized cycles 23+   and entropy generation per cycle ci 
can be determined. Then for each traffic regime ( i = 1…n) it is possible to calculate the number of 
GCs, 23f,+  ,that correspond to failure as: 
23f,+ = g,f4+   (7) 
where sg,f is the critical value of entropy generation (material property). It also possible to calculate 









Then assuming that ci+1 and 23f,6+1 can also be determined for a postulated future traffic, the num-
ber of cycles to crack initiation under this postulated regime can be calculated as: 
23in = 81 − .3p923f,6+1  (9) 
time
Fig. 6: Traffic regimes and generalised cycles. 
It can be reasonably assumed that during this initiation phase there is no significant reduction of the 
resistance of the structure. Hence the reliability of the structure can be verified by any appropriate 
method using the principles of strength of materials and calculating the “initial resistance” of the 
components. It is also interesting to note that the assumption of linear accumulation of generated 
entropy with the number of GCs directly leads to a reformulation of Miner’s rule in terms of GCs. 
5. Conclusions 
A method for determining fatigue damage evolution using entropy generation as a deterioration 
measure is outlined. The main advantage of this measure seems to be its flexibility in combining the 
contribution of all the deterioration processes that may be relevant to a particular loading history, 
material and component configuration. It is also shown that railway traffic induced fatigue consti-
tutes a very advantageous field of application of this measure since the repetitiveness of the loading 
histories permits an important simplification of the fatigue verification procedure through the con-
cept of characterization of the traffic regimes in terms of their damaging potential on structural 
components. 
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